Abstract. In this paper, a finite element space is presented on quadrilateral grids which can provide consistent discretization for the biharmonic equations. The space consists of piecewise quadratic polynomials and is of minimal degree for the variational problem.
introduction
In the study of qualitative and numerical analysis of partial differential equations and, in general, of approximation theory, we are often interested in the approximation of functions in Sobolev spaces by piecewise polynomials defined on a partition of the domain. In order for simpler interior structure, lower degree polynomials are often expected to be used. It is of theoretical and practical interests whether and how a minimal-degree finite element space can be constructed for certain problems, namely, particularly, whether and how a consistent finite element space can be constructed for H m elliptic problem with m-th degree polynomials.
When the subdivision consists of simplexes, a systematic family minimal-degree family of nonconforming finite elements has been proposed by Wang and Xu [14] for 2m-th order elliptic partial differential equations in R n for any n m with polynomials with degree m. Known as Wang-Xu or Morley-Wang-Xu family, the elements have been playing bigger and bigger role in numerical analysis. The elements are constructed based on the perfect matching between the dimension of m-th degree polynomials and the dimension of (n −k)-subsimplexes with 1 k m. The generalization to the cases n < m is attracting more and more research interests, c.f., e.g., [16] . When the subdivision consists of geometrical shapes other than simplex, the problem is more complicated. The minimal conforming element spaces have been constructed for H m problem on shapes as simple as rectangle can share interfaces with more neighbour cells, and more continuity restrictions will need a higher degree of polynomials, which is generally higher than the order of the underlying Sobolev space. This way, it seems extremely difficult, if not impossible, to construct consistent finite elements in the formulation of Ciarlet's triple (c.f. [4, 15] ) with m-th degree for H m problems on even rectangular grids. When approaches are not restricted on Ciarlet's triple, consistent finite element space with linear polynomials can be constructed for Poisson equation on quadrilateral grids via a more global approach [6, 9] ; for higher-order elliptic equations, though, the minimal-degree construction of finite elements on even rectangular grids remains open, and let alone general quadrilateral subdivisions.
In this paper, we study the minimal-degree finite element construction for biharmonic equation on quadrilateral grids. We will present a finite element space that consists of piecewise quadratic polynomials on quadrilateral grids, and which can provide consistent discretization for the biharmonis equation.
The finite element functions on quadrilateral cells are not constructed by the usual bilinear mapping approach. Actually, as pointed in [2, 3] , for quadrilateral finite elements that are constructed by starting from a given finite dimensional space of polynomials on the unit reference square, a necessary and sufficient condition for certain approximation accuracy is that the space on reference cell contains the space of Q r type, namely of all polynomial functions of degree r separately in each variable. This will stops us from constructing a consistent finite element space with polynomial space of P r type. The way we construct finite element space is similar to the way discussed in [6, 9, 10] , where local polynomial function spaces are used on every cell directly. The space constructed in the present paper can be viewed as a reduced quadrilateral Morley element space. This observation admits us to present the consistency estimation in an easy way. Similar to elements in, e.g., [5] and [9] , and many spline type methodss, the continuity restriction of the finite element function is more than determining a local polynomial. and the standard scaling argument could not be used directly. We instead figure out the exact connection between the finite element functions designed in this paper and the element in [9] , and construct the approximation estimate in an indirect way. The exact connection can be viewed as a specialization of the one given in [17] . Moreover, this relation indicates an analogue correspondence with the exactness relation between the Crouzeix-Raviart element and the Morley element on triangular grids.
The remaining of the paper is organized as follows. In Section 2, some preliminaries are collected. In Section 3, two finite elements are defined on quadrilateral grids. They are each the quadrilater analogue of the rotated Q 1 element and the Wilson element on rectangle grids, and they are useful auxiliary element in this paper. In Sections 4 and 5, a minimal-degree finite element scheme for biharmonic equation is designed, and its convergence analysis and implementation are presented. Finally, in Section 6, some concluding remarks are given.
Preliminaries
In this paper, we use these notation. Let Ω ⊂ R 2 be a simply-connected Lipschitz domain with a boundary of piecewise segment, and Γ = ∂Ω be the boundary, with n the outward unit normal vector. 
we use "·˜" for vector valued quantities in the present paper. We use usual symbols, and use the subscript · h for a cell by cell operation when a grid is involved. DenoteH Technically, we construct a consisting of the interior edges and the boundary edges, respectively. For an edge e, n e is a unit vector normal to e, and τ e is a unit tangential vector of e such that n e × τ e > 0. On the edge e, we use · e for the jump across e.
Denote by F the number of cells of the triangulation; denote by X, X I , X B and X C the number of vertices, internal vertices, boundary vertices, and corner vertices, respectively; and denote by E, E I and E B the number of edges, internal edges, and boundary edges, respectively. Euler's formula states that F + X = E + 1.
Quadrilateral Morley element space.
The quadrilateral Morley element ( [10] ) is defined
∂ n e i v ds , e i the edges of T.
Given a quadrilateral grid
∂ n e w h ds is continuous across e ∈ E i h }. Associated with 
And, associated with H
2 0 (Ω), define V QM h0 := {w h ∈ V QM h : w h (a) vanishes at a ∈ N b h , e ∂ n e w h ds vanishes at e ∈ E b h }. 2.2.2. Quadrilateral Lin-Tobiska-Zhou (QLTZ) element space. The QLTZ element ( [8, 17]) is defined by (Q, P QLTZ Q , D QLTZ Q ) with (1) Q is a convex quadrilateral; (2) P QLTZ Q = P 1 (Q) + span{ξ 2 , η 2 }; (3) the components of D QLTZ Q = {d QLTZ 0 } i=0:4 for any v ∈ H 1 (Q) are: d QLTZ 0 (v) = Q vdx, and d QLTZ i (v) =H 1 (Ω), define a finite element space V QLTZ h by V QLTZ h := {w ∈ L 2 (Ω) : w| Q ∈ P QLTZ Q , ∀ Q ∈ G h ,:= {w h ∈ V QLTZ h : e w h ds = 0 at e ∈ E b h }. Lemma 1. (Lemma 8 of [17]) curl h V QM h0 = {w h ∈ Ṽ QLTZ h0 : div h w h = 0} :=Ṽ QLTZ h0 .
2.2.3.
Park-Sheen element space. The Park-Sheen element space ( [9] ) is a piecewise linear nonconforming finite element space for H 1 problem. It is defined as 
Similarly, denoteṼ
Lemma 2. (Theorem 4.2 of [1]
, also [6, 9] ) There is a constant C depending on the regularity of
2.3.
Piecewise linear element space on criss-cross grids. Given T h a triangulation of Ω, denote
the space of piecewise constant the integral of which is zero. Consider the Stokes problem: find
and its discretization:
In general, (2) does not provide a stable discretization of (1), but it can provide good approximation of ũ for some special cases. We adopt the hypothesis below.
Hypothesis G. (c.f. [11, 12] ) G h is generated by uniformly refining a shape-regular quadrilateral subdivision G 4h of Ω twice. (2), respectively. Then
Lemma 3. (Theorem 4.2 of [12]) Let
Figure 2. Illustration of uniformly refining twice a quadrilateral. A quadrilateral is refined by connecting the intersect point of the diagonals to the mid points of the edges. c.f. [12] .
Remark 4. DenoteṼ
Several finite elements are mentioned in this paper, and for readers' convenience, we list the abbreviations below. 
Two quadrilateral finite elements
In this section, we present two new finite elements on quadrilateral grids. 
v, e i the edges of Q.
Define on a quadrilateral Q
This way, given v ∈ P QGB Q , v ∈ P 1 (Q) if and only if d
Note that the nodal parameters make sense for v ∈ H 1 (Q). Define the interpolator I QGB Q : 
and
We have used the fact that ∂ r η = ∂ s ξ = 0. This way, by Lemma 5,
The proof is completed.
Given a quadrilateral subdivision G h , define the generalized bilinear element space by :
Lemma 7.
(1) |I
(2) let T h be a triangulation of Ω made by a criss-cross refinement of G h ; then
Proof.
QGB h w h = w h for w h ∈ V QGB h0 , and 
Lemma 9. The quadrilateral Wilson element is uni-solvent.
Proof. Define
It is easy to verify that d
Given a quadrilateral subdivision G h , define the quadrilateral Wilson element space by
and, associated with
A minimal consistent finite element space for biharmonic equation
In this section, we study the discretization of biharmonic equation on quadrilateral grids, and present a consistent finite element method with piecewise quadratic polynomials. Consider the model problem:
The variational problem is, with f ∈ L 2 (Ω),
Let G h be a quadrilateral subdivision of Ω and define piecewise quadratic element spaces on G h by
• reduced quadrilateral Morley (RQM for short) finite element space
and e ∂v h ∂n e is continuous along e ∈ E i h };
• homogeneous RQM finite element space:
Consider the finite element problem for (17):
, The well-posed-ness of (20) follows by [10] . The main result of this paper is the theorem below.
Theorem 10. Let u and u h be the solutions of (17) and (20), respectively. If u ∈ H
We postpone the proof of Theorem 10 after some technical lemmas.
Approximation of V
RQM h0 .
Approximation of Park-Sheen space revisited.
RecallṼ
We are going to construct the approximation result below.
Lemma 11. Provided Hypothesis G for G h , and let w ∈H
Proof. Let T h be a triangulation of Ω made by a criss-cross refinement of G h . Define P le h0 :
By Lemma 3, the operator P le h0 is well defined, and
Therefore, by Lemma 7, given ũ ∈H
This completes the proof. , by Lemma 1,
2 for any K, and 
This completes the proof.
Proof of Theorem 10.
The proof of Theorem 10 is similar to the analysis in [13] and [10] . By the second Strang Lemma, we have
where the first term is the approximation error and the second one is the consistency error.
Let T h be a triangulation of Ω generated by a criss-cross refinement of G h , and V le h0 (T h ) be the homogeneous linear element space on T h . Denote by I h the nodal interpolation of V le h0 . Then by Green formula,
The integration by parts yields
where ∂ ∂s and ∂ ∂n are tangential and normal derivatives along element boundaries, respectively. The
Cauchy-Schwarz inequality and the standard interpolation error estimate lead to (29)
, it holds by [10] that
and finally
For approximation error, we refer to Theorem 13. The proof is completed.
Remark 14. Based on the exact relation between V
RQM h0 andV PS h0 , the consistency error estimate can also be established based on the techniques in [1] .
On the implementation of the finite element scheme
It is evident that, the restrictions of the continuity of the RQM element function across internal edges are more than necessary to shape a quadratic polynomial on a quadrilateral. For special cases, such as for a rectangular grid on a rectangle domain, a linearly independent set of basis functions of the space can be given, while in general, the RQM element space may not be easy to be constructed by figuring out local basis functions. In this section, we present an explicit description of the basis functions on rectangle grids, and present an alternative approach how (20) can be implemented for general quadrilateral subdivision.
5.1.
Local basis functions of the RQM element space on rectangular subdivisions. In this part, we consider the case that the domain can be covered by a rectangular subdivision. Namely, let Ω ⊂ R 2 be a rectangle. For a subdivision of any domain ω, again, we use
for the set of faces, interior faces, edges, interior edges, vertices and interior vertices, respectively. For any edge e ∈ E h , denote by t˜e the unit tangential vector along e. Particularly, if none of the vertices of a cell K is on the boundary of ω, we name this cell an interior cell. We use K i h for the set of interior cells. We use the symbol "#" for the cardinal of a set. Let G h be a shape regular rectangle subdivision of Ω. Proof. We begin with the local construction of a quadratic polynomial versus a rectangle. Let K be a rectangle with vertices a i and edges Γ i , c.f. Figure 3 , left. Then, given α i , β i ∈ R, i = 1 : 4, there exists uniquely a p ∈ P 2 (K), such that
This way, under the compatible condition (32), a quadratic polynomial is uniquely determined by its evaluation on vertices and derivative on edges.
• 
We further rewrite the system equivalently to, after adjusting the order, 
and (40) from the system, and it is easy to see the remaining fifteen equations are linearly independent and the system admits a one-dimension solution space. This completes the proof. 
. . . 
Concluding remarks
In this paper, we present an approach how a minimal-degree consistent finite element space can be constructed for biharmonic equation on quadrilateral grids. The finite element space is designed, and a practical approach how it can be implemented is also given. Technically, the two main ingredients for the analysis are the exact relation between the space and a vector Park-Sheen element space, and a generally unstable P 1 − P 0 pair for Stokes problem. We remark that, on rectangular grids, the role of the P 1 − P 0 pair may be replaced by Q 1 − P 0 pair; we refer to [11] for related discussion.
In this space, we focus ourselves on the homogeneous Dirichlet boundary value problem of the biharmonic equation. The homogeneous Navier type boundry value problem can be studied in future. As RQM element space is a subspace of rectangular Morley element space, and the Morley element space with Navier type boundry value condition can be used for Poisson equation with high accuracy of O(h 2 ) order on uniform subdivisions, the RQM element space can be expected to be an optimal quadratic element for Poisson equation there on. This will be studied in future. Also, problems of higher orders can be studied as well. When the grid is rectangular, an explicit set of locally-supported basis functions are given. For other grids, the finite element scheme is implemented in an indirect way, namely, rewritten in the formulation of (49). The sufficiency of (49) for the primal formulation is obtained. In the future, the well-posed-ness of (49) could be studied. The construction of an explicit set of locallysupported basis functions on general quadrilateral grids will also be discussed.
Finally, the RQM finite element space is defined in a way similar to spline but with less smoothness. We can treat this as some nonconforming spline function. This paper is focused on quadrilateral subdivisions, and its generalization to less regular grids, such as triangular grids can be of theoretical and practical meaning. This will be studied in future.
